Abstract. For every q = n 3 with n a prime power greater than 2, the GK-curve is an F q 2 -maximal curve that is not F q 2 -covered by the Hermitian curve. In this paper some Galois subcovers of the GK curve are investigated. We describe explicit equations for some families of quotients of the GK-curve. New values in the spectrum of genera of F q 2 -maximal curves are obtained. Finally, infinitely many further examples of maximal curves that cannot be Galois covered by the Hermitian curve are provided.
Introduction
Let F q 2 be a finite field with q 2 elements, where q is a power of a prime p. By a curve X over F q 2 we mean a projective, absolutely irreducible, non-singular algebraic curve defined over F q 2 , and it is called F q 2 -maximal if the number X (F q 2 ) of its F q 2 -rational points attains the Hasse-Weil upper bound
where g is the genus of the curve. Maximal curves have interesting properties and have also been investigated for their applications in Coding Theory: sometimes the best known linear codes over finite fields of square order are obtained as one-point AG-codes from maximal curves, see e.g. [2, 3, 11] . One of the most important problems about maximal curves is determining the possible genera of maximal curves over F q 2 . For a given q, the highest value of g for which an F q 2 -maximal curve of genus g exists is q(q − 1)/2, and equality holds if and only if the curve is isomorphic over F q 2 to the Hermitian curve. By a result of Serre, cited by Lachaud in [10] , any F q 2 -rational curve which is F q 2 -covered by an F q 2 -maximal curve is also F q 2 -maximal. However, not every maximal curve can be covered by the Hermitian curve. In fact, in 2009 Giulietti and Korchmáros constructed a maximal curve over F n 6 which cannot be covered by the Hermitian curve whenever n > 2; this curve is nowadays referred to as the GK-curve.
Serre's covering result has made it possible to obtain several genera of F q 2 -maximal curves by applying the Riemann-Hurwitz formula to quotient curves of a known F q 2 -maximal curve, such as the Hermitian curve, the Suzuki curve, the Ree curve, and the GK-curve, see [1, 4, 5, 7] . However, sometimes it can be hard to give explicit equations for a quotient curve. This problem is clearly relevant for applications to Coding Theory, but has been attacked only recently for the GK-curve. Equations of some quotients of the GK-curve with respect to p-groups of automorphisms have been obtained in [12, 14] .
In this paper we deal with Galois subcovers of the GK-curve with respect to coverings of degree not divisible by p. We provide explicit equations for several such subcovers, see Theorem 3.2 and Equation (13) , and in some cases we give an explicit description of the Galois group of the covering; see Section 4. Our starting point for computing such equations is a new non-singular model of the GK-curve; see Section 2. The genera of these subcovers are computed, see Theorem 3.3 and Formula (14) , and sometimes they are new values in the spectrum of genera of F n 6 -maximal curves; see Remark 3.4. Interestingly, it often happens that these curves are not Galois covered by the Hermitian curve; see Theorems 6.2, 6.3, 6.4. In some cases we are able to show they are not covered by the Hermitian curve at all; see Table 1 .
A new model of the GK-curve
Let p be a prime, n a power of p, q = n 3 , K =F q 2 the algebraic closure of F q 2 . Let C be the so-called GK curve, which is F q 2 -maximal and is defined by the affine equations
Let ρ ∈ F n 2 with ρ + ρ n = 1. Consider the F n 2 -projectivity ϕ associated to the matrix A, where
Then X = ϕ(C) has equations
We will consider subgroups of the following tame F q 2 -automorphism group G of X of size (n + 1) 2 (n 2 − n + 1):
By conjugation, an F q 2 -automorphism group G A = A −1 GA of C is obtained:
According to the notation of [4] , we compute the projection
Note that G A = A −1 GA =Ā −1ḠĀ , whereĀ (resp.Ḡ) is obtained by deleting the third row and column in A (resp. in the matrices of G). Note also that the set X (F q 2 ) of F q 2 -rational points of X has a short orbit O under the action of Aut(X ), consisting of the set of F n 2 -rational points of the cone Y n+1 = X n+1 − 1 in the plane Z = 0 (see [4, Section 3] ). Hence, G A acts naturally onŌ = H(F n 2 ), where H is the Hermitian curve with equation Y n+1 = X n+1 − 1.
A family of Galois subcovers of X
In this section we provide equations and genera for a family of curves covered by the curve X depending on three parameters. Let d 1 , d 2 , d 3 be divisors of n + 1, and consider the rational functions
in the function field K(x, y, z) of X . Then for the subfield K(u, v, w) we have the relations
Let L be the following subgroup of the group G given in (1):
Clearly, L has order (n + 1) 2 , and the fixed field F ix(L) contains x n+1 , y n+1 and z n+1 . Actually, F ix(L) coincides with K(x n+1 , y n+1 , z n+1 ), since K(x n+1 , y n+1 , z n+1 ) coincides with K(x n+1 , z n+1 ) and the degree of the extension
is at most (n + 1) 2 . Then F ix(L) ⊆ K(u, v, w) and we can consider the double extension of function fields
is Galois as well, that is, K(u, v, w) is the function field of the quotient curve of X /H of X with respect to some automorphism group H ≤ L.
In order to provide irreducible equations for X /H, consider the rational function α ∈ K(u, v) defined as
After some computation, we get the principal divisor of α in K(u, v):
where Q 0,i lies over the zero P 0 of u, Q α i lies over the zero
, and Q ∞,i lies over the pole P ∞ of u. Let
, and the quotient curve has irreducible equations
More generally, for M ≥ 1, both sides of the first equation in (3) are a power of M, and we can factor the equation to obtain the irreducible curve 
and
hence,
The general equations (5) of X /H have been obtained by working on
we get irreducible equations for other quotient curves:
For any divisor e of n 2 − n + 1 let s = w
is the function field of new subcovers of X . The degree of the covering can be easily computed also for these subcovers, arguing as in Remark 3.1.
To sum up, the following result is obtained.
, and d 3 be divisors of n + 1, and let e be a divisor of n 2 − n + 1.
the following equations define F n 6 -maximal curves which are Galois subcovers of X :
The degree of the covering is
for C 1 and C 3 , and
Note that, when
= 1, this theorem provides models for the GK-curve; in some cases they are plane models. Now we compute the genera of the curves described in Theorem 3.2 for e = n 2 − n + 1, i.e. s = w. This is done via Kummer theory. Theorem 3.3. Let e = n 2 − n + 1. Then the genera of the curves C 1 , C 2 , and C 3 described in Theorem 3.2 are the following:
and, for i = 2, 3,
Proof. We start with C 1 , and use the notation of equation (4) for the zeros and poles of
By [13, Prop. 3.7 .3] we compute the ramification indices in the Kummer extension
.
The Riemann-Hurwitz formula applied to the extension
We compute the ramification indices in the Kummer extension
(n 2 − n + 1). We have
where R α i ,j is a place of K(u, v, s) lying over Q α i . The theory of Kummer extensions also gives the ramification indices
of the places of K(u, v, s) lying over Q, for all places
where m = d 3 (n 2 − n + 1)/M. Finally, the Riemann-Hurwitz formula applied to the extension K(u, v, s)/K(u, v) provides the genus of C 1 .
The curves C 2 and C 3 are both defined by equations of the form
The genus of K(u, v) is obtained as above:
Similar computations yield the degree of the different divisor of the Kummer extension K(u, v, s)/K(u, v): gcd(a, b) , and the Riemann-Hurwitz formula applied to the extension K(u, v, s)/K(u, v) provides the genus of C i , i = 2, 3. 
The Galois groups
In this section we always assume
In some cases we are able to give an explicit description of the automorphism groups H of order
We also provide an alternative computation of the genus of X /H, by means of the Riemann-Hurwitz genus formula and [4, Prop. 3.2].
We state Proposition 3.2 from [4] in a slightly different form: in the original paper the authors consider the model C of the GK curve lying on the cone over the Hermitian curve K with equation Y n +Y = X n+1 ; it is not difficult to see that the same computations hold for the curve X lying on the cone over the Hermitian curve H : Y n+1 = X n+1 − 1. This relies on the fact that C and X are projectively equivalent, with a projectivity defined over F n 2 which maps the Hermitian cone over K to the Hermitian cone over H.
where Λ is defined in equation (2). Assume that no non-trivial element inL fixes a point in H \ H(F n 2 ), where H is the Hermitian curve
where g L is the genus of the quotient curve H/L.
is the quotient curve of X with respect to the group
In fact, by Remark 3.1, the size
of H coincides with the degree of the extension
Also, u, v, and w are all fixed by H since
The projectionH of H on PGU(3, n) is
with |H| = (n + 1)
No non-trivial element inH fixes a point in H \ H(F n 2 ), and
Then by Proposition 4.1 the genus of X /H is
where gH is the genus of H/H. The only points of H that can be fixed by a non-trivial element inH are the points on the fundamental frame. It is easily seen that
. . , n + 1, if and only if λ 3 = b 2 . LetH P denote the stabilizer of P inH. We distinguish two cases. (i) We haveH
(ii) We havē
(iii) We distinguish two subcases. -
is an automorphism of the multiplicative group of the ((n + 1)/d 1 d 2 )-th roots of unity, and
Therefore, if 3 ∤ (n + 1)/d 3 then the Hurwitz formula applied to the covering H → H/H provides the genus of H/H:
that is,
The same arguments yield
This follows from
Similar computations provide the genus of X /H:
where m = gcd(3, (n + 1)/ (d 1 d 3 ) ).
Another family of Galois subcovers of X
In this section we consider another subgroup of the group G given in (1). Let c | (n+1), d | (n 2 −n+1), and consider the following automorphism group K of X of size (n 3 +1)/(cd):
Consider the following rational functions
in the function field K(x, y, z) of X ; then the following relations hold:
In the double field extension
Equations (12) define an irreducible curve. To show this, let P = (0, a) be an affine point of the Hermitian plane curve H : Y n+1 = X n+1 − 1, and letP be a place of the curve W : V n+1 = U 2c − U c centered at the image ϕ(P ) of P under the rational map
The rational function β = xy(1
Hence the quotient curve X /K has irreducible equations (13) X /K :
By the Hurwitz formula applied to the tame covering X → X /K, it is easy to check that the genus of X /K is
New examples of maximal curves not (Galois) covered by the Hermitian curve
Let a curve Y be a subcover of the Hermitian curve H by the F q 2 -rational map
Then for the degree deg(ϕ) we have the following bounds:
In particular, the lower bound
Therefore, a curve Y having ⌈L H,Y ⌉ > ⌊U H,Y ⌋ cannot be a subcover of the Hermitian curve. By applying this argument to the curves given in Theorems 3.2 and 3.3, we get many new examples of curves which are not covered by the Hermitian curve.
To exemplify this, we list in the table below some genera of curves not covered by the Hermitian curve. We remark that for such curves we have both the genus and explicit equations. Proof. Let H be given in the form
and denote by P ∞ the point at infinity of H. Suppose C 1 is Galois covered by H; then C 1 is isomorphic to the quotient curve H/N for some subgroup N of Aut(H).
The genus of C 1 can be computed by equation (11), whence L H,C 1 > kn − 1 if and only if
while U H,C 1 < kn + 1 if and only if
For n ≥ 7, both conditions are implied by the hypothesis k < √ n + 1+1. Then |N| = kn. Let S be a Sylow p-subgroup of N. S has a fixed F n 6 -rational point P ∈ H, since S acts on H(F n 6 ) and |H(F n 6 )| ≡ 1(mod p); as all Sylow p-subgroups of Aut(H) are conjugate, then we assume w.l.o.g. that S fixes P ∞ . Moreover, the action of S on H(F n 6 ) \ {P ∞ } is semiregular, i.e. each element of S has no fixed point but P ∞ ; hence the orbit O of P ∞ under N satisfies |O| ≡ 1(mod n).
Suppose P ∞ is not fixed by N, then |O| ≥ n+1. Hence, by the orbit-stabilizer theorem, n divides the cardinality of the stabilizer N Q of Q in N, for all Q ∈ O; then a Sylow psubgroup M Q of N Q has size n. M Q and M R have trivial intersection for Q = R in O, by the semiregularity of S. Therefore N has at least 1 + (n + 1)(n − 1) = n 2 elements, and k ≥ n, against the hypothesis.
Therefore the whole N fixes P ∞ . If k = 1, then C 1 ∼ = X , the GK curve, and the thesis holds; otherwise, the genus of H/N can be computed by [5, Th. 4.4] :
where n = p u and v, w are non-negative integers satisfying u = v + w. On the other hand, the genus of C 1 given in equation (11) is
We have the following possibilities for v and w: either v = 0 and w = u, or v ≤ u/2 and w ≥ u/2, or v > u/2 and w < u/2. By considering separately each case, it is easily shown after some computation that
against the fact that k is integer. where n = p u with p prime, and v, w are non-negative integers satisfying u = v + w. But a case analysis shows that this fraction cannot be an integer. Theorem 6.4. Let n be a prime power, γ a divisor of n + 1, δ a divisor of n 2 − n + 1, and define c = (n + 1)/γ, d = (n 2 − n + 1)/δ. Suppose that one of the following holds:
• n = 5, γ = 2, and δ = 1;
• n ≥ 7, γ ≤ 2, and δ ≤ ( √ 2γn + 1 − 1)/2;
• n ≥ 7, γ > 2, and γδ(γδ − δ − 1) < n. Then the curve X /K with equations (13) is not Galois covered by the Hermitian curve H over F n 6 .
Proof. By arguing as in the proof of Theorem 6.2, it is proved that a possible Galois covering has degree γδn.
Suppose such a covering exists and X /K ∼ = H/N with N ≤ Aut(H), then the same argument as in Theorem 6.2 allows to apply [5, Th. 4.4] and yields the following identity:
(15) δ p 3u − γp 3u−w + (gcd(2, γ) − 1) p u − γ + gcd(2, γ) = −p 3u + p 3u−v − p 3u−w + p 2u ,
where n = p u with p prime, and v, w are non-negative integers with u = v + w. By case analysis, it can be shown that (15) contradicts the hypothesis on the integers γ and δ.
